Pseudodifferential operators that are invariant under the action of a discrete subgroup Γ of SL(2, R) correspond to certain sequences of modular forms for Γ . Rankin-Cohen brackets are noncommutative products of modular forms expressed in terms of derivatives of modular forms. We introduce an analog of the heat operator on the space of pseudodifferential operators and use this to construct bilinear operators on that space which may be considered as Rankin-Cohen brackets. We also discuss generalized Rankin-Cohen brackets on modular forms and use these to construct certain types of modular forms.
Introduction
It is well known that certain combinations of derivatives of modular forms can be used to obtain new modular forms, although derivatives of modular forms themselves are not modular forms in general. For example, in [9] Rankin described the polynomials in the derivatives of modular forms for a discrete subgroup Γ of SL(2, R) that are again modular forms. As a special case of such polynomials, Cohen [3] studied certain bilinear operators on the graded ring of modular forms, which may be considered as noncommutative products of modular forms. These noncommutative products are known as Rankin-Cohen brackets.
Pseudodifferential operators are formal Laurent series in the formal inverse ∂ −1 of the differential operator ∂ = d/dz on the complex plane C. One of the natural ways of describing Rankin-Cohen brackets for modular forms is by way of pseudodifferential operators. Indeed, if the coefficients of pseudodifferential operators are holomorphic functions on the Poincaré upper half plane, there is a natural correspondence between the set of pseudodifferential operators invariant under the action of a discrete group Γ ⊂ SL(2, R) and the set of certain sequences of modular forms for Γ , and Rankin-Cohen brackets can be constructed by using the fact that the product of two Γ -invariant pseudodifferential operators are again Γ -invariant (see [4, 10] ). It is also known that Γ -invariant pseudodifferential operators correspond to Jacobi-like forms for Γ . Jacobi-like forms generalize Jacobi forms introduced systematically by Eichler and Zagier [6] , and they are certain formal power series satisfying a certain transformation formula relative to an action of Γ .
Rankin-Cohen brackets for Jacobi forms were introduced in [2] by using the heat operator, and they can be used to construct Rankin-Cohen brackets for Jacobi-like forms. One of the main goals of this paper is to study bilinear forms on the space of pseudodifferential operators which correspond to Rankin-Cohen brackets for Jacobi-like forms. We introduce an analog of the heat operator on the space of pseudodifferential operators and use this to construct bilinear operators on that space which may be considered as Rankin-Cohen brackets. We also discuss generalized Rankin-Cohen brackets on modular forms and use these to construct certain types of modular forms.
Basic correspondences
In this section we review basic correspondences among Jacobi-like forms, pseudodifferential operators, and sequences of modular forms studied by Cohen, Manin, and Zagier [4, 10] .
Let H be the Poincaré upper half plane, and let R be the space of holomorphic functions on H which are bounded by a power of the function b(z) = (|z| 2 + 1)/ z. We denote by R [[X] ] the complex algebra of formal power series in X with coefficients in R. Let Γ be a discrete subgroup of SL(2, R) of finite covolume, and let λ ∈ Z and μ ∈ R. Definition 2.1. A Jacobi-like form for Γ of weight λ and index μ is a formal power series
] satisfying the following conditions:
where
We denote by J L λ,μ (Γ ) the space of Jacobi-like forms of weight λ and index μ. Definition 2.2. Given a nonnegative integer w, a modular form of weight w for Γ is a holomorphic function f : H → C satisfying
∈ Γ as well as the usual condition of holomorphy at each cusp of Γ (see, e.g., [8] ). We denote by M w (Γ ) the space of modular forms of weight w for Γ .
for all z ∈ H and γ ∈ Γ . Comparing the coefficients of X k+δ , we see that φ k satisfies the transformation formula (2.2) for a modular form belonging to M 2(k+δ)+λ (Γ ) for each k 0. As was pointed out by Cohen, Manin and Zagier in [4, Section 1], the boundedness condition for R implies the cusp condition for each φ k as well, so that φ k ∈ M 2(k+δ)+λ (Γ ).
Let R be the ring of holomorphic functions on H satisfying the boundedness condition described above. We recall that a pseudodifferential operator over R is a formal Laurent series in the formal inverse ∂ −1 of ∂ with coefficients in R of the form u k=−∞ h k (z)∂ k with u ∈ Z and h k ∈ R. We denote by Ψ DO the set of all pseudodifferential operators over R. Then the group SL(2, R) acts on Ψ DO by
, we denote by Ψ DO Γ the set of pseudodifferential operators in Ψ DO that are fixed by each element of Γ . The following proposition states correspondences among Jacobi-like forms, pseudodifferential operators, and modular forms.
Given a nonnegative integer λ and a nonzero real number μ, the following conditions are equivalent:
Furthermore, if λ is even with η = λ/2, then the above conditions are also equivalent to the following condition:
Proof. The proof of this proposition can be carried out by modifying the proof of Proposition 2 in [4] , where the case of δ = 1, λ = 0, and μ = 1 was considered. 2
Pseudodifferential operators and heat operators
Rankin-Cohen brackets on the space of Jacobi forms have been studied in [1] by using the heat operator. This heat operator can be extended to the space of Jacobi-like forms. In this section we introduce an analog of the heat operator on the space of pseudodifferential operators that corresponds to the heat operator on the space of Jacobi-like forms. We then use this operator to construct Rankin-Cohen brackets on the space of pseudodifferential operators that are compatible with those on the space of Jacobi-like forms.
We first introduce certain linear maps on the space of pseudodifferential operators as well as on the space Jacobi-like forms. Given a formal power series
and a pseudodifferential operator
Thus, for fixed δ 0, these formulas determine the linear maps
], which are in fact isomorphisms. In fact, by using Proposition 2.4 we see easily that
Next, we consider a differential operator on the space of formal power series, which may be regarded as the heat operator on that space. Given μ ∈ R, we define L μ to be the formal differential operator given by 
hence we obtain
which is a heat diffusion operator with respect to the variables z and w. Such a heat operator has already been used in the construction of Rankin-Cohen brackets on the space of Jacobi forms (see [1, 2] ).
Let A : Ψ DO → Ψ DO be a formal integration operator with respect to the symbol ∂, that is, an operator given by
The next proposition suggests that the operator
plays the role of the heat operator on the space Ψ DO. 
More generally, we have
Proof. Consider the formal power series
Using this and (3.1), we obtain
On the other hand, noting that
and using (3.5) and (3.6), we see that
By rewriting the last infinite sum in the previous equation in the form
Comparing this with (3.9), we obtain (3.7). Then, for each 1, relation (3.8) follows easily from this by induction. 2 Proof. Given Ψ δ ∈ Ψ DO, using (3.3) and (3.8), we have
Corollary 3.3. If Ψ δ ∈ Ψ DO, then we have
which proves the corollary. 2
Although there is a natural multiplication operation on Ψ DO, we now introduce a new bilinear operation. If Ψ and Φ are elements of Ψ DO given by
with δ, ε 0, we set
(3.12)
We now use this operation to define a set of more general bilinear operators on Ψ DO.
Definition 3.4.
Let ν be a positive integer, and let Ψ δ and Φ ε be elements of Ψ DO given by (3.11). Then we define a bilinear operator
where R μ is as in (3.6) and
By using the Rankin-Cohen brackets for Jacobi forms described in [2] we can write RankinCohen brackets defined on the space of Jacobi-like forms as follows. Definition 3.5. Let F δ , G ε ∈ J L λ,μ , and let ν be a nonnegative integer. Then the νth RankinCohen bracket of F δ and G ε is defined by
where L μ is the differential operator in (3.4) and 
Proof. Let Ψ δ , Φ ε ∈ Ψ DO Γ be as in (3.11). Then by (3.1) we have
The formal product of these two power series can be written in the form
On the other hand, using (3.12) and (3.2), we obtain
This implies that
Using this and (3.3), we see that
We now use (3.13), (3.14) and (3.16) to obtain
where we also used (3.10) and (3.15). Using this and applying (3.3) repeatedly, we obtain
which proves (i). As for (ii), first we note that Rankin-Cohen operators send Jacobi forms to Jacobi forms (cf. [2] ); hence it follows that the Rankin-Cohen brackets in (3.14) send Jacobilike forms to Jacobi-like forms. Using this and the correspondence between and J L λ,μ and Ψ DO Γ given in Proposition 2.4, we see that the Rankin-Cohen brackets
] ν also preserve the Γ -invariance property. 2
Modular forms associated to products of Jacobi-like forms
From the results of Cohen, Manin, and Zagier [4] (see also [10] ) as described in Proposition 2.4, we see that there is a one-to-one correspondence between Jacobi-like forms of the form ∞ k=0 φ k (z)X k+δ and sequences {f k } ∞ k=0 of modular forms for Γ . In this section, using the fact that the product of Jacobi-like forms is a Jacobi-like form, we construct sequences of modular forms from the products of certain types of modular forms.
Let F δ (z, X) and G ε (z, X) be Jacobi-like forms for Γ belonging to J L λ,μ (Γ ) and J L λ ,μ (Γ ), respectively, given by
for some nonnegative integers δ and . We set
for all z ∈ H and k 0. Proof. Using Definition 2.1, we see that
On the other hand, from (4.1) we obtain
Similarly, we have
Hence by (4.4) and Remark 2.3 the function f k : H → C given by (4.2) is an element of M 2(k+δ+ε)+λ+λ (Γ ) for each k 0. On the other hand, applying Proposition 2.4 to (4.5), we see that the functioñ
is also an element of M 2(k+δ+ε)+λ+λ (Γ ) for each k 0. From this and the relation
we obtain g k (z) =g k (z), and therefore the proposition follows. 2
Rankin-Cohen brackets on modular forms
In this section we use the results of Section 4 to determine two types of noncommutative products of modular forms which generalize the usual Rankin-Cohen brackets for modular forms.
Given nonnegative integers δ and ε, let f and g be modular forms for Γ with
We consider the associated sequences {f k } ∞ k=0 and {g k } ∞ k=0 given by
for all k 0. By Proposition 2.4 these sequences correspond to Jacobi-like forms. Indeed, the formal power series
are Jacobi-like forms belonging to J L 0,1 (Γ ) (see [4] , or their constant multiples, for various n define noncommutative products on the space of modular forms known as the Rankin-Cohen brackets (see [4, 10] ).
We now generalize the Rankin-Cohen brackets described above by using sequences of powers of modular forms to introduce other types of noncommutative products on the space of modular forms. Let δ and ε be nonnegative integers as above, and let f ∈ M 2δ (Γ ) and g ∈ M 2ε (Γ ). 
